LETTERS
PUBLISHED ONLINE: 20 NOVEMBER 2011 | DOI: 10.1038/NMAT3178

Self-assembly of uniform polyhedral silver
nanocrystals into densest packings and
exotic superlattices
Joel Henzie1 , Michael Grünwald1 *, Asaph Widmer-Cooper1,2,3 , Phillip L. Geissler1,2
and Peidong Yang1,2,4 *
Understanding how polyhedra pack into extended arrangements is integral to the design and discovery of crystalline
materials at all length scales1–3 . Much progress has been made
in enumerating and characterizing the packing of polyhedral
shapes4–6 , and the self-assembly of polyhedral nanocrystals
into ordered superstructures7–9 . However, directing the selfassembly of polyhedral nanocrystals into densest packings
requires precise control of particle shape10 , polydispersity11 ,
interactions and driving forces12 . Here we show with experiment and computer simulation that a range of nanoscale
Ag polyhedra can self-assemble into their conjectured densest packings6 . When passivated with adsorbing polymer, the
polyhedra behave as quasi-hard particles and assemble into
millimetre-sized three-dimensional supercrystals by sedimentation. We also show, by inducing depletion attraction through
excess polymer in solution, that octahedra form an exotic
superstructure with complex helical motifs rather than the
densest Minkowski lattice13 . Such large-scale Ag supercrystals may facilitate the design of scalable three-dimensional
plasmonic metamaterials for sensing14,15 , nanophotonics16
and photocatalysis17 .
New synthetic methods give access to a wide range of welldefined polyhedral nanocrystalline shapes. The polyol synthesis was
used to generate monodisperse Ag nanocrystals (Supplementary
Methods) including cubes, truncated cubes, cuboctahedra,
truncated octahedra and octahedra over a range of sizes from
100 to 300 nm (Fig. 1a; refs 7,18). These Ag nanocrystals are
coated with polyvinylpyrrolidone (PVP; relative molecular mass
55,000), which enables the shape-controlled synthesis and acts as a
stabilizer19 . Of these five shapes, only cubes and truncated octahedra
possess space-filling packings. For the other three shapes, as for
most non-spherical shapes, no rigorous statements about optimal
packings exist. For any convex shape, however, the densest lattice
packing can be calculated explicitly4,13 . Lattice packings are a special
class of arrangements in which all particles are oriented identically
and positioned at sites of a crystalline lattice. Whereas it is generally
not true that the densest lattice packing constitutes the overall
densest packing for a given shape, a recent conjecture indicates that
the centrally symmetric Platonic and Archimedean solids—families
of convex polyhedra that include the shapes studied here but,
notably, do not include tetrahedra—pack most densely into these
lattice packings6 . Yet this statement does not guarantee that
such structures are thermodynamically stable at finite pressure,

nor that they can be readily accessed through random thermal
motion. Indeed, computer simulations show, in the related case of
tetrahedra, that these factors result in self-assembly of an intriguing
quasicrystal that is not the densest packing5,20–22 .
In our experiments, monodisperse Ag polyhedra assemble into
large (>25 mm2 ), dense supercrystals by gravitational sedimentation (Fig. 1b). This process can be carried out in bulk solution, but
assembly in polydimethylsiloxane (PDMS) reservoirs (Supplementary Methods) enables precise control of the superlattice dimensions and monitoring by dark-field optical microscopy (Fig. 1c). N ,
N -dimethylformamide (DMF) was used as the assembly medium
because it is an excellent solvent for PVP. In a typical experiment, a
dilute solution of particles was loaded into the reservoir so that the
channel filled with a uniform solution of particles (Supplementary
Methods). Then the device was tilted, causing the particles to gradually sediment and assemble at the bottom of the reservoir (Fig. 1c
and Supplementary Movies S1–S3); more concentrated solutions or
higher angles of tilt cause the assemblies to form more quickly.
The assemblies generated by this sedimentation procedure,
shown in Fig. 1d–h, exhibit translational and rotational order over
exceptional length scales, as illustrated in Fig. 2a–d. In the cases
of cubes, truncated octahedra and octahedra, the structures of the
dense supercrystals correspond precisely to their densest lattice
packings. The same packings are observed to form in constantpressure Monte Carlo simulations (Supplementary Methods) of
dense fluids of hard polyhedra (Supplementary Figs S2, S5 and
Movie S4). Ag cubes (Fig. 1d) form dense arrangements that fill
space. In small assemblies, cubes tend to occupy the sites of a simple
cubic lattice and form supercubes of up to 10 µm edge length. In
larger assemblies the symmetry of the simple cubic lattice is broken
and more irregular, space-filling packings are observed. Truncated
octahedra assemble into the space-filling Kelvin structure (Fig. 1g),
which corresponds to the body centred cubic lattice. Of all the
shapes studied here, assemblies of truncated octahedra exhibit
single-crystalline order over the largest length scales. Ag octahedra
(Fig. 1h) assemble into a packing that was recognized long ago by
Minkowski as the densest lattice packing for this shape13 . Unlike
cubes and truncated octahedra, octahedra in their densest lattice
packing engage in only incomplete face-to-face contact; equivalent
faces of neighbouring octahedra also do not lie in a common
plane. As discussed later, these features enable simple biases to
stabilize alternative packings. In Fig. 2f, a rendering of the perfect
Minkowski lattice is superimposed on the experimental lattice,
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Figure 1 | Self-assembly of dense polyhedron lattices. a, Schematic representation of polyhedral shapes accessible using the Ag polyol synthesis.
b, Microfluidic reservoir used to assemble the Ag nanocrystals. c, Dark-field micrograph showing the growing Ag supercrystal. d–h, SEM micrographs of
the colloidal lattices (left) and the corresponding diagrams of their densest known lattice packings (right): d, cubes; e, truncated cubes; f, cuboctahedra;
g, truncated octahedra; h, octahedra. Colour in g and h is used to indicate different layers of the crystal. Scale bars are 500 nm unless otherwise noted.

showing excellent agreement. A detailed comparison of Fourier
patterns is shown in Supplementary Fig. S1.
Cuboctahedron and truncated cube Ag nanocrystals also adopt
very dense, ordered structures that closely resemble their densest
lattice packings (Fig. 1e,f). For truncated cubes, the densest packing
is only subtly different from the simple cubic lattice and their
packing fractions differ by only 0.7%. We therefore expect that high
pressures are necessary to bias the assembly towards the densest
packing. In our experiments, truncated cubes form lattices that vary
from almost perfect cubic alignment to the characteristic tilt of
the densest packing. Monte Carlo simulations of truncated cubes
similarly exhibit variability at moderate, experimentally accessible
pressures. In fact, even at very high pressures the densest packing
was never observed to form spontaneously from the fluid on the
timescale accessible to straightforward simulation. By contrast,
simulations of hard cuboctahedra readily achieve the densest
lattice packing at moderately high pressures whereas experimentally
assembled lattices vary between the densest packing and a
slightly distorted lattice with face-centred-cubic-like symmetry
(Supplementary Fig. S3).
132

Calculations confirm that gravity is indeed a plausible driving
force in our assembly experiments. Unlike smaller nanocrystals
used in conventional, evaporation-driven assembly studies, our Ag
particles are 100–300 nm in size and experience substantial gravitational forces, for octahedra amounting to 0.23 kB T per micrometre.
To estimate the pressures that develop within the sediment, we carried out Monte Carlo simulations of octahedra under the influence
of gravity (Supplementary Methods), in an elongated box with a
hard bottom wall (Fig. 3a). To mimic the experimental set-up, simulations were started at uniform low density, enabling the particles
to sediment, eventually achieving a density gradient approximately
150 µm in height. Resulting pressures near the bottom of the
model cell were sufficient for spontaneous crystallization into the
Minkowski lattice. Experimental sedimentation channels feature
even higher columns of dense material, and therefore pressures
more than sufficient to drive crystallization. Further evidence comes
from experimental waiting times. Whereas the larger octahedra
(300 nm edge length, 1.33 × 10−13 g) sediment within a few hours,
the smaller cubes (122 nm edge length, 1.90 × 10−14 g) take significantly longer to assemble.
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Figure 2 | Long-range order of assembled lattices. Large-scale SEM images of an octahedron lattice on a Si substrate. a, The imaged region is a
cross-section of a large supercrystal that extends millimetres below the plane of the image, and was exposed by cleaving the substrate and superlattice
into two pieces. b–d, Inspection of particle orientation in the magnified sections reveals that long-range order is maintained across the entire imaged
sample. Insets: Fourier transforms of these sections match closely. e, SEM image of a large Minkowski facet. f, A magnified section of the experimental
lattice with a superimposed rendering of the ideal Minkowski lattice shows excellent agreement. g, Cross-polarized optical micrograph of a
millimetre-sized superlattice slab. The uniform colour of the reflected light from top to bottom indicates that the crystal is composed of a single domain. All
scale bars are 2 µm unless otherwise noted.

Both in experiment and simulation, octahedra packed against
a flat substrate form a structure that is different from but closely
related to the Minkowski lattice (Fig. 3c–e). This simple hexagonal
lattice has a maximum packing fraction of 8/9 and is composed
of flat, hexagonally close-packed layers that stack with perfect
face-to-face contact between the layers (Fig. 3e). Octahedra in
the corresponding layers of the Minkowski lattice (Fig. 3f, right)
are slightly rotated, which results in increased packing efficiency
(18/19) through interpenetration of stacked layers. In the presence
of a flat wall, however, local packing efficiency is maximized by
flattening the layers. This boundary effect extends only a short
distance into the sample. In both experiment and simulation, the
simple hexagonal packing type gives way to the Minkowski structure
after a few close-packed layers.
That structures determined by shape and high pressure can be
achieved in our self-assembly experiments indicates that particles
are behaving as almost purely hard, non-attractive polyhedra.
This conclusion is surprising, given the potentially overwhelming
van der Waals (vdW) attractions between metallic objects of
this size. At nanometre separations, the corresponding potential
energy reaches tens of thousands of kB T . If further repulsive
forces did not preclude such separations, experiments would
result in rapid aggregation of disordered, irreversibly bound
particle aggregates. By contrast, assemblies are quite reversible
before the drying step. When the assembly experiment is turned
upside down, most of the assembled lattice dissociates and the
nanocrystals begin to assemble at the ‘new’ bottom of the setup (Supplementary Fig. S8). Significant electrostatic repulsion

is unlikely because the measured zeta potential of the particles
in DMF is close to zero (Supplementary Methods). Instead,
experimental and computational evidence strongly suggests that
the repulsion originates from the volume exclusion of the
adsorbing polymer PVP.
Measurements of the hydrodynamic diameter of cuboctahedra
with adsorbed polymer indicate that particles are covered with a
PVP layer that extends 20 nm from the particle surface, which is
roughly equal to the hydrodynamic diameter of free PVP in DMF
(Supplementary Methods). Our calculations suggest that polymer
layers of this thickness are sufficient to prevent close approach of
nanocrystal surfaces. Figure 4a shows model predictions of different
contributions to the interaction between two Ag octahedra, aligned
face to face, as a function of their separation (Supplementary
Fig. S6). The particles are assumed to be covered with a 20-nmthick layer of dense polymer. As the polymer layers of the two
octahedra come into contact, strong entropic repulsion competes
with the vdW attraction of the Ag cores. The combined potential
of mean force shows that the polymer-mediated repulsion is indeed
sufficient to balance the vdW forces, resulting in a shallow effective
energy minimum on contact between the surface polymer layers.
To test the influence of the size of the adsorbed polymer brush
on this force balance, we have repeated assembly experiments with
ethanol and water as solvents. Measurements of the hydrodynamic
diameter of cuboctahedra suggest brush thicknesses of roughly
15 nm in ethanol and 5 nm in water (Supplementary Methods).
Calculations show that, on contact of the polymer brushes of two
octahedra, the vdW energies amount to roughly −14 kB T in ethanol
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Figure 3 | Gravitational driving force and packings near surfaces. a, Snapshot of a Monte Carlo simulation (Supplementary Methods) of hard octahedra
under the influence of gravity (left). Zoom-in images (right), from top to bottom, show a dilute fluid, a dense fluid and a growing solid of the Minkowski
type. Octahedra are coloured according to orientation. b, Packing fraction as a function of Monte Carlo sweeps and height along the z axis in the elongated
box. A density gradient develops in the initially homogenous system, resulting in a fluid–solid transformation at the bottom. Biased by a flat surface,
octahedra form a simple hexagonal lattice (space group P6/mmm). c, Small patches of this structure, retrieved early in the assembly process. d, Top-down
view (left), with inset showing a vacancy in the lattice, and side view (right). e, Zero-gravity, isobaric Monte Carlo simulations with a hard bottom wall and
weak interparticle attractions show coexistence between the layered structure and the Minkowski lattice, consistent with experiment. f, Comparison
between a flat layer of the simple hexagonal lattice (left) and corresponding staggered layers in the Minkowski lattice (right).
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Figure 4 | Polymer-mediated nanocrystal interactions. a, Contributions to
the free energy of two octahedra aligned face to face, as a function of the
separation X of surface-adsorbed polymer layers (see inset; Supplementary
Methods). The entropic repulsion (orange) of densely packed surface
polymers (radius of gyration, Rg = 10 nm) dominates the vdW attraction
(red) of the silver cores. The resulting potential (green) is only weakly
attractive, enabling the nanocrystals to behave as quasi-hard particles.
Unadsorbed polymer coils act as depleting agents, inducing effective
attractions (blue) that can lead to self-assembly of different structures.
b, Potentials of mean force for two hard octahedra in a bath of hard 20 nm
spheres (see inset), as a function of the distance x between nearest
midpoints of octahedron faces (see inset, interaction centres are marked in
yellow), averaged over all rotational degrees of freedom. Legend values
correspond to the sphere packing fraction ϕ.

and −140 kB T in water (compare with −7 kB T in DMF). The results
of assembly experiments in these solvents are consistent with the
estimated increasing attraction strengths: whereas we do observe
some assembly of the Minkowski lattice in ethanol, albeit of inferior
quality, we observe primarily disordered aggregation in water.
The effect of the residual vdW attractions is visible in many
aspects of the assembly experiments: optical microscopy shows that
particles can temporarily bind even at moderate concentrations
(Supplementary Movie S1). Moreover, as discussed earlier in the
text, cubes and truncated cubes show a preference for face-to-face
alignment in small assemblies, as do close-packed octahedron layers
near substrates. However, under conditions of high density, these
weak, slowly varying attractive forces play a secondary role23 . The
nanocrystals behave essentially as hard particles with polyhedral
shapes that are not modified or masked by the thin layer of adsorbed
PVP. Nevertheless, the final dried assemblies shown in Fig. 1 are
quite stable, with interparticle spacings of only a few nanometres.
Surface polymer molecules, driven by high pressures and decreasing
solvent concentration, evidently collapse or desorb at later stages of
the experiments, enabling particles to approach closely and attract
strongly (Supplementary Fig. S4).

Unadsorbed polymer in solution can also induce attractions
between particles24 . These depletion attractions are entropic
forces generic to solutions of differently sized particles: at small
separations, two of the larger particles exclude smaller ones from the
intervening volume25–27 . The resulting gradient in osmotic pressure
(due to the gradient of density of the smaller species) induces an
attraction between the large particles that increases with the bulk
concentration of the smaller species. In our case, free polymer
coils in solution act as depleting agents and mediate substantial
attractions between polymer-coated nanocrystals: Fig. 4b shows
effective pair potentials of hard octahedra in a bath of hard
spheres, mimicking free polymer coils in solution, for several
different volume fractions ϕ of the spheres (Supplementary
Methods). Note that the typical oscillatory behaviour of depletion
forces is not evident in these potentials, because they are
averaged over all rotational degrees of freedom and polymer
concentrations are low.
Experiments and simulations indicate that these tunable attractions can induce structures that are not governed solely by packing
efficiency of hard shapes. Figure 5a,b shows scanning electron
microscopy (SEM) micrographs of a lattice of octahedra with
intriguing helical motifs that was generated by adding 0.1 µg µl−1
(w/v) of extra PVP to the solution immediately before sedimentation. Higher amounts of PVP resulted in less Minkowski lattice
and more helical lattice. The large degree of face-to-face contact in
the latter reflects significant attractive forces. The same structure
was recovered in Monte Carlo simulations employing the effective
depletion pair potentials shown in Fig. 4b, for ϕ > 0.02. (Further
evidence for the stability of the helical structure in the presence
of depleting agents is discussed in Supplementary Methods and
Fig. S7.) Symmetry analysis of an optimized unit cell revealed that
the structure has space group I 43d, with a cubic unit cell containing
16 octahedra (Fig. 5d,e and Supplementary Section S1). Particle
centres are located on 16c Wyckoff sites, similar to a high-pressure
phase of lithium28 ; vertices occupy 48e sites. The maximal packing
fraction of this structure (∼82%) is significantly lower than that
of the Minkowski lattice (∼95%). This helical structure may also
be more suitable as a plasmonic bandgap crystal because the lines
and helices should create continuous transmission pathways with
lower attenuation7 .
The approach we have used in this study circumvents several
issues that have been a challenge for reproducible and tunable
assembly of nanocrystal patterns over device-length scales. In many
experiments the evaporation of solvent triggers organization of
nanocrystal solutes. Such drying-mediated assembly can be difficult
to control owing to the severity of solvation forces and their
spatially non-uniform fluctuations29 . In fact, we have tried several
experimental geometries where solvent evaporation is a major
driving force. In the simplest examples, a drop of nanocrystals
in DMF was mounted on a substrate and evaporated in air, or
placed in an atmosphere saturated with DMF vapour to slow
evaporation. Whereas we observe the same types of crystal in
these experiments, the degree of long-range order is inferior
when compared with the samples obtained from sedimentation.
Our observations indicate that gradual sedimentation, compared
to solvent evaporation, provides a driving force that is gentle
and homogeneous. Whereas sedimentation-driven assembly is
not new, this is the first time that it has been used to make
large-scale assemblies of polyhedral particles. In other approaches,
anisotropic forces between particles primarily determine the
structure of assembled patterns10 . The key factor in our experiments
is particle shape—a feature we have found easier to control.
Depletion attractions are a secondary bias that can be easily
tuned by adjusting the depleting agents’ size and concentration.
For octahedra this changes the packing from the Minkowski
lattice to a less dense structure with more face-to-face contact.
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Figure 5 | Ag octahedra assemble into a previously unknown lattice in the presence of excess PVP. a, SEM micrograph of a new octahedron supercrystal.
b,c, The lattice consists of tetramer motifs (b) and forms spontaneously in Monte Carlo simulations of octahedra with depletion attractions (c). d, The
tetramers can be decomposed into lines and counter-rotating helices, where the helices in this plane consist of particles belonging to three other sets of
interlocking lines. e, The lattice has been coloured to show these four equivalent sets of lines (yellow, blue, green and red) that are oriented in different [111]
directions. Lines belonging to the same [111] direction are parallel and shifted relative to one another in alternating layers (green particles on left; right,
enlarged SEM micrograph from the corresponding experimental lattice). When viewed end on (yellow particles), the particle lines stack hexagonally.

Simulations of attractive cuboctahedra also indicate that depletion
attractions may be involved in the formation of the FCC-like
structure observed experimentally (Supplementary Fig. S3). Other
polyhedral shapes that pack densely with limited face-to-face
contact may be similarly prone to switching structures under
the addition of excess polymer. Polyhedral nanocrystals can be
made from a variety of materials, including metals, dielectrics and
semiconductors30 . When compared with crystal structures of nearly
spherical particles, dense packings of polyhedra are characterized
by higher packing fractions, large interfaces between particles
and different geometries of voids and gaps, which determine the
electrical and optical properties of these materials31,32 . The assembly
procedures described here may thus give access to a wide range of
interesting, scalable nanostructured materials with dimensions that
are comparable to those of bulk materials.

Methods
Ag polyhedra were synthesized using methods described in refs 7,18 and were
exceptionally monodisperse in both size and shape. The particles were suspended
in DMF and loaded on top of a PDMS reservoir that had been filled with neat
DMF. The entire set-up was placed in a weighing bottle to minimize solvent
evaporation, and particles settled to the bottom of the PDMS chamber by gravity,
assembling into nanocrystal superlattices. Measurements of hydrodynamic
diameter and zeta potential were obtained using commercial light-scattering
instrumentation (Zetasizer Nano, Malvern Instruments). The vdW potential
was calculated from a coarse-grained atomistic representation of the octahedra,
with 666,700 interaction sites per particle. For the calculation of the repulsion
between polymer-covered surfaces, we assumed a dense packing of 100 spherical
polymer coils per surface. Every adsorbed coil interacts with its counterpart on
the opposing surface through a Gaussian core potential33 . Effective pair potentials
wϕ (x) for octahedra in the presence of excess PVP were calculated according
to βwϕ (x) = −lnPϕ (x)/Pϕ=0 (x). Here, Pϕ (x) is the distribution function of the
distance x between nearest faces of octahedra in a bath of hard spheres with packing
fraction ϕ, and β = 1/kB T .
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